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Post-Newtonian methods: Analytic
results on the binary problem
Gerhard Scha¨fer
Abstract A detailed account is given on approximation schemes to the Ein-
stein theory of general relativity where the iteration starts from the Newton
theory of gravity. Two different coordinate conditions are used to represent
the Einstein field equations, the generalized isotropic ones of the canoni-
cal formalism of Arnowitt, Deser, and Misner and the harmonic ones of the
Lorentz-covariant Fock-de Donder approach. Conserved quantities of isolated
systems are identified and the Poincare´ algebra is introduced. Post-Newtonian
expansions are performed in the near and far (radiation) zones. The natu-
ral fitting of multipole expansions to post-Newtonian schemes is emphasized.
The treated matter models are ideal fluids, pure point masses, and point
masses with spin and mass-quadrupole moments modelling rotating black
holes. Various Hamiltonians of spinning binaries are presented in explicit
forms to higher post-Newtonian orders. The delicate use of black holes in
post-Newtonian expansion calculations and of the Dirac delta function in
general relativity find discussions.
1 Introduction
In the weak-field slow-motion limit of any theory of gravity the Newtonian
theory of gravity comes into play because it describes the motion and struc-
ture of gravitating objects very well in that regime. According to current
knowledge from experiments and observations, the most reliable theory of
gravity is the Einstein theory of general relativity, [1].
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Most of the objects in the Universe seem to have velocities v which are
small compared with the speed of light (in the following denoted by c), i.e.
v/c . 1/3. In those cases it is to be expected that the Newtonian theory is
a good starting point for an iteration scheme toward full general relativity
thinking in terms of expansion of general relativity in powers of dimensionless
v/c. The conservative nature of most of the phenomena, i.e. no measurable
gravitational radiation damping, the power series has to be a one with or-
dering parameter (v/c)2 (recall v2/c2 . 1/10 in the regime of our interest)
because of motion-inversion symmetry in those cases. We shall see later that
at the order (v/c)5 the gravitational radiation damping enters for the first
time. Calling the order (v/c)2n the nth post-Newtonian order (n PN), the
gravitational dissipation (because of gravitational radiation damping from
radiation emission) enters at the 2.5 PN order so the exponent n will also in-
clude half-integer numbers. In case of bound systems the virial theorem holds
which tells us that v2 ∼ GM/r, where G is the Newtonian gravitational con-
stant, r a typical distance of two bodies or a typical radius of one body, and
M the total mass of the system. So an expansion of general relativity in pow-
ers of (v/c)2 is at the same time an expansion in powers of GM/c2r if bound
systems are considered. From the dynamics of bound systems the dynamics
of low-velocity scattering is straightforwardly obtained.
Depending on the mathematical representation of the Einstein theory
(choice of coordinates, choice of variables, etc.) and on the physical aspects
under investigation (physics in the near zone, physics in the far zone, etc.)
there exist many of those expansions which all are called PN expansions. The
crucial ordering parameter in all PN expansions is always 1/c2. The Einstein
field equations as well as the equations of motion which follow from them
by integrability conditions can be formally expanded in powers of 1/c2. The
solutions of these equations, however, can not be expanded in this way, in
general. Only under conditions where no gravitational radiation is present
an all-over-in-space expansion in powers of 1/c2 is feasible. This is the case
for stationary systems only. Yet for those parts of a radiating system where
radiation plays no roˆle, i.e. in the conservative parts, an expansion in powers
of 1/c2 can be carried out too. In general, PN expansions in powers of 1/c
are feasible in the near zone (r << λ with λ a typical wavelength of the grav-
itational radiation and r the radius of a sphere enclosing the matter source)
and in the far or radiation zone (r >> λ) of a radiating system but they are
not analytic in 1/c because c is showing up in log-terms. In the near zone,
up to 3.5 PN order, which means order 1/c7 = (1/c2)3.5, a PN expansion in
powers of 1/c is valid, where the even powers are connected with the conser-
vative dynamics and the odd powers with the dissipative radiation reaction
dynamics. From the 4 PN order on (corresponding to 1.5 PN order in the far
zone), log-c terms enter via tail effects which emerge from back scattering,
[2]. Post-Minkowskian (PM) series are global series in space where only the
weak-field limit is assumed without restrictions to the velocities of the bodies.
Here, the ordering parameter is G or, dimensionless GM/c2r, which is equiv-
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alent to a non-linearity expansion of the Einstein field equations, [2]. If the
virial theorem holds, namely (GM/c2r) ∼ (v/c)2, PM series can be further
expanded into PN series. Having much less information on their respective
orders, the PN series are much easier to be worked out analytically, compare
e.g., the 1 PN point-mass Hamiltonian, see e.g. [3], with the 1 PM point-mass
Hamiltonian, only recently achieved in [4].
The most extensively performed PN calculations in the literature can be
divided into two classes, the class applying harmonic coordinate conditions,
see e.g. [5], and the other class using Arnowitt-Deser-Misner (ADM) gen-
eralized isotropic coordinate conditions [6]. Whenever detailed comparisons
between the two classes have been made, agreement of the results could be
achieved, see e.g. [7], [8]. This is quite an important aspect in view of the
use of Dirac delta functions for modelling black holes in explicit calculations.
These functions are a-priori problematic in a non-linear theory like general
relativity so sophisticated regularization methods have to be employed. The
only regularization method which turned out to be successful to the highest
orders of the explicit calculations is the dimensional one, [9], [10]. In sect. 3.4
a detailed account of black holes together with their representing Dirac delta
functions will be given because they blatantly violate the weak-field condi-
tion. In this case, only external velocities of the black holes can be small
and their relative gravitational interaction weak, and only in this sense black
holes and Dirac delta functions can fit into PN schemes.
The binary point-mass dynamics at 3 PN order and the gravitational waves
emitted hereof (3 PN wave generation) could have been managed successfully
through only dimensional regularization, [9], [10], [11]. Extended body cal-
culations have been performed too but they are much more complicated and
still not fully under control at 3 PN order [12]. Only a surface-integral-based
method of the Einstein-Infeld-Hoffmann type did succeed too, [13], [14].
The many-body systems treated most successfully with PN approximation
methods are point-mass systems composed from two or more objects and
spinning binary systems with even rotationally deformed components; for
the most recent results with spin, see [15], [16], [17], [18], [19], [20], [21].
Recently, an effective field theory approach has been advocated for PN
calculations [22]. Applications to point-mass systems and to systems with
spinning components have already been performed through higher PN orders,
[23], [24], [25]. An obvious difference in the spin dynamics between [21] and
[24] found clarification in [26] showing the correctness of the result in [21].
In this article, Latin indices from the mid alphabet are mostly running
from 1 to 3, v = (vi),v2 = vivi, ∂t and ∂i denote the partial derivatives
with respect to the time and space coordinates t and xi, respectively, and
the functional derivative (Fre´chet derivative) of a functional, say F [f ], with
respect to a function f takes the form δF [f ]/δf . Greek indices are mostly
running from 0 to 3, whereby x0 = ct. The signature of the four-dimensional
metric gµν is +2. Particles are numbered with indices from the beginning of
the Latin alphabet.
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2 Systems in Newtonian gravity in canonical form
In the Newtonian theory, the equations governing the motion of gravitating
ideal fluids are (i) the equation for the conservation of mass,
∂t̺∗ + div(̺∗v) = 0 , (1)
where ̺∗ is the mass density and v the velocity fied of the fluid, (ii) the
equations of motion,
̺∗∂tv +
̺∗
2
grad v2 − ̺∗ v × curl v = −grad p+ ̺∗ grad U , (2)
where p is the pressure in the fluid and U the gravitational potential, and (iii)
the equation of state, using internal energy density ǫ and specific enthalpy h,
ǫ = ǫ(̺∗, s) with dǫ = hd̺∗ + ̺∗Tds, or dp = ̺∗dh− ̺∗Tds , (3)
with (iv) the conservation law for the specific entropy s along the flow lines,
∂ts+ v · grad s = 0 . (4)
The gravitational potential reads,
U(x, t) = G
∫
d3x′
̺∗(x
′, t)
|x− x′| . (5)
It results from (v) the Newtonian field equation,
∆U = −4πG̺∗ . (6)
∆ is the Laplacian and |...| means the standard euclidean distance.
Written in form of Hamilton equations of motion, i.e. ∂tA(x, t) = {A(x, t), H},
the equations above take the forms, (i) the mass conservation equation
∂̺∗
∂t
= −∂i
(
δH
δπi
̺∗
)
, (7)
notice vi = δHδπi , (ii) the equations of motion
∂πi
∂t
= −∂j
(
δH
δπj
πi
)
− ∂i
(
δH
δπj
)
πj − ∂i
(
δH
δ̺∗
)
̺∗ +
δH
δs
∂is , (8)
and (iv) the entropy conservation law
∂s
∂t
= −δH
δπi
∂is , (9)
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where the Hamiltonian is given byH = H(̺∗, πi, s) with πi the linear momen-
tum density of the fluid, see [27]. Here, use has been made of the kinematical
Lie-Poisson bracket relations between the fundamental variables
{πi(x, t), ̺∗(x′, t)} = ∂
∂x′i
[̺∗(x
′, t)δ(x− x′)] , (10)
{πi(x, t), s(x′, t)} = ∂s(x
′, t)
∂x′i
δ(x− x′) , (11)
{πi(x, t), πj(x′, t)} = πi(x′, t) ∂
∂x′j
δ(x− x′)− πj(x, t) ∂
∂xi
δ(x− x′) , (12)
and zero otherwise, where δ(x−x′) denotes the standard Dirac delta function
in three-dimensional space. It fulfills
∫
d3x δ(x) = 1.
In the Newtonian theory, the Hamiltonian of the fluid is given by,
H =
1
2
∫
d3x
πiπi
̺∗
− G
2
∫
d3xd3x′
̺∗(x, t)̺∗(x
′, t)
|x− x′| +
∫
d3x ǫ . (13)
For point masses, the total momentum and mass densities read, consistent
with the Eqs. (10) and (12),
πi =
∑
a
paiδ(x− xa), ̺∗ =
∑
a
maδ(x− xa) , (14)
where the position and momentum variables fulfill the standard Poisson
bracket relations,
{xia, paj} = δij , zero otherwise , (15)
and the Hamiltonian takes the form,
H =
1
2
∑
a
paipai
ma
− G
2
∑
a 6=b
mamb
|xa − xb| , (16)
where the self-energy term has been dropped (for regularization techniques,
see section 3.4).
3 Canonical general relativity and PN expansions
In curved spacetime the stress-energy tensor of an ideal fluid takes the form
T µν = ̺(c2 + h)uµuν + pgµν , gµνu
µuν = −1 , (17)
where ̺ denotes the proper rest-mass density, h the specific enthalpy, and
uµ the four-velocity field of the fluid. Using energy density e = ̺(c2 + h)− p
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(also the specific internal energy Π = e/̺− c2 could be used), the equation
of state reads
e = e(̺, s) with de = (c2 + h)d̺+ ̺Tds, or dp = ̺dh− ̺Tds . (18)
The variables of the canonical formalism are chosen to be
̺∗ =
√−gu0̺, s, πi = 1
c
√−gT 0i . (19)
They fulfill the same (universal) kinematical Lie-Poisson bracket relations as
in the Newtonian theory, see [27], or also [28],
{πi(x, t), ̺∗(x′, t)} = ∂
∂x′i
[̺∗(x
′, t)δ(x− x′)] , (20)
{πi(x, t), s(x′, t)} = ∂s(x
′, t)
∂x′i
δ(x− x′) , (21)
{πi(x, t), πj(x′, t)} = πi(x′, t) ∂
∂x′j
δ(x − x′)− πj(x, t) ∂
∂xi
δ(x− x′) . (22)
The evolution equations take the form
∂̺∗
∂t
= −∂i
(
δH
δπi
̺∗
)
⇐⇒ ∂µ(
√−g̺uµ) = 0 , (23)
∂s
∂t
= −δH
δπi
∂is ⇐⇒ uµ∂µs = 0 , (24)
∂πi
∂t
= −∂j
(
δH
δπj
πi
)
− ∂i
(
δH
δπj
)
πj − ∂i
(
δH
δ̺∗
)
̺∗ +
δH
δs
∂is (25)
corresponding to ∂µ
(√−g T µi )− 12 √−g T µν ∂igµν = 0 ,
vi =
δH
δπi
, where vi = c
ui
u0
. (26)
The linear and angular momenta of the fluid read, respectively,
Pi =
∫
d3x πi, Ji =
∫
d3x ǫijkx
jπk . (27)
For a system made of point masses simplifications take place,
h = p = s = 0 , (dusty matter), (28)
and further,
Post-Newtonian methods: Analytic results on the binary problem 7
̺∗ =
∑
a
maδ(x− xa), πi =
∑
a
paiδ(x − xa), via =
dxia
dt
, (29)
where pai and x
i
a respectively are the linear momentum and the position
vector of the ath particle. The kinematical Poisson bracket relations are given
by
{xia, paj} = δij , zero otherwise . (30)
Hereof the standard Hamilton equations result,
dpai
dt
= − ∂H
∂xia
,
dxia
dt
=
∂H
∂pai
. (31)
Remarkably, the difference to the Newtonian theory comes solely from the
Hamiltonian which is thus a dynamical difference and not a kinematical one.
This statement refers to the matter only and not to the gravitational field.
The latter is quite different in general relativity.
3.1 Canonical variables of the gravitational field
Within the ADM canonical formalism of general relativity, in generalized
isotropic coordinates, the independent gravitational field variables hTTij and
πijTT enter in the form
gij =
(
1 +
1
8
φ
)4
δij + h
TT
ij , (32)
πij = π˜ij + πijTT , (33)
where gij = gji ≡ γij is the metric of the curved three-dimensional hy-
persurfaces t = const, πijc3/16πG is the canonical conjugate to γij , i.e.
πij = −γ1/2(Kij − γijKkk ), where Kij = Kji is the extrinsic curvature of
the t = const slices, and γ = det(γij), γ
ilγlj = δij , and for π˜
ij holds
π˜ij = ∂iπ
j + ∂jπ
i − 2
3
δij∂kπ
k. (34)
Obviously, πii = 0, or πii = π
ijhTTij . The canonical conjugate to h
TT
ij reads
πijTTc
3/16πG. The index TT means tranverse-traceless, i.e. hTTii = π
ii
TT = 0,
∂jh
TT
ij = ∂jπ
ij
TT = 0.
Using those variables, the Einstein field equation
√−gG00 = 8πGc4
√−gT 00
can be put into the form, employing point masses for the source,
8 Gerhard Scha¨fer
γ1/2R =
1
γ1/2
(
πijπ
j
i −
1
2
πiiπ
j
j
)
+
16πG
c3
∑
a
(
m2ac
2 + γijpaipaj
)1/2
δa ,(35)
and the field equations
√−gG0i = 8πGc4
√−gT 0i read
− 2∂jπji + πkl∂iγkl =
16πG
c3
∑
a
paiδa , (36)
where δa = δ(x−xa). The Eqs. (35) and (36) are the famous four constraint
equations of general relativity.
In the gauge Eqs. (32) - (34) the ADM Hamiltonian can be written, [6],
H
[
xia, pai, h
TT
ij , π
ij
TT
]
= − c
4
16πG
∫
d3x ∆φ
[
xia, pai, h
TT
ij , π
ij
TT
]
, (37)
resulting from the solution of the four (elliptic-type) constraint equations.
The additional Hamilton equations of motion for the gravitational field are
given by
∂πijTT
∂t
= −16πG
c3
δH
δhTTij
,
∂hTTij
∂t
=
16πG
c3
δH
δπijTT
. (38)
The transition to a Routh functional simplifies a lot the construction of the
dynamics of the matter and of the gravitational field. The Routh functional
is chosen in the form, [29],
R
[
xia, pai, h
TT
ij , ∂th
TT
ij
]
= H − c
3
16πG
∫
d3x πijTT∂th
TT
ij . (39)
The evolution equations for the matter and the gravitational field now read
δ
∫
R(t′)dt′
δhTTij (x
k, t)
= 0 , p˙ai = − ∂R
∂xia
, x˙ia =
∂R
∂pai
. (40)
The conservative dynamics results from the on-field-shell Routh functional
Rshell(t) = R
[
xia, pai, h
TT
ij [x
k
a, pak], ∂th
TT
ij [x
k
a, pak]
]
, (41)
with solved field equations, in the form
p˙ai(t) = −δ
∫
Rshell(t
′)dt′
δxia(t)
, x˙ia(t) =
δ
∫
Rshell(t
′)dt′
δpai(t)
, (42)
where
δ
∫
Rshell(t
′)dt′
δz(t)
=
∂Rshell
∂z(t)
− d
dt
∂Rshell
∂z˙(t)
+ ... , z = (xia, pai) . (43)
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Using the matter equations of motion in the Routhian Rshell the Routhian
can be brought into the form R(xia, pai). Herein, however, the meaning of the
variables xia and pai has changed, see [30], [31], [32].
3.2 Brill-Lindquist initial-value solution for binary
black holes
The Brill-Lindquist solution for multiple black holes is a pure vacuum solu-
tion of the constraint equations at initial time t under the conditions of time
symmetry, i.e. pai = 0 = π
ij , and of conformal flatness, i.e. hTTij = 0, [33].
A related vacuum solution is the Misner-Lindquist solution where an addi-
tional isometry condition is imposed, [34], [35]. Under those conditions, the
only remaining constraint equation reads, not using vacuum but (point-mass)
sources,
−
(
1 +
1
8
φ
)
∆φ =
16πG
c2
∑
a
maδa , (h
TT
ij = 0 = pai = π
ij) . (44)
In the case of two black holes, its solution is given by, see [36],
φ =
4G
c2
(
α1
r1
+
α2
r2
)
(45)
with (a, b = 1, 2 and b 6= a)
αa =
ma −mb
2
+
c2rab
G
√1 + ma +mb
c2rab/G
+
(
ma −mb
2c2rab/G
)2
− 1
 , (46)
resulting into the Brill-Lindquist solution for binary black holes. Obviously,
each Brill-Lindquist black hole is represented by a Dirac delta function (ficti-
tious image mass-point; see section 3.4). In the Misner-Lindquist case, infinite
many fictitious image mass-points are needed for each black hole, [34], [35],
[36].
The energy of the Brill-Lindquist solution simply reads
HBL = (α1 + α2)c
2 = (m1 +m2)c
2 −G α1α2
r12
, (47)
The methods which have been used for the obtention of the Brill-Lindquist
solution from sources (notice, in the original work of Brill and Lindquist this
solution has been obtained without any regularization as a purely vacuum
solution) are analytical Hadamard regularization and mass renormalization,
[36], as well as dimensional regularization based on the d-dimensional metric
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γij =
(
1 +
1
4
d− 2
d− 1φ
) 4
d−2
δij (48)
with solution (Γ denotes the Euler gamma function)
φ =
4G
c2
Γ (d−22 )
π
d−2
2
(
α1
rd−21
+
α2
rd−22
)
(49)
(for more details see section 3.4). The PN expansion of the Brill-Lindquist
initial energy expression is straightforward to all orders of 1/c2. Once it has
fixed the static ambiguity parameter ωstatic (see [32]) in non-dimensional-
regularization calculations to the correct value of zero, [36]. At that time,
however, it was not quite clear that the Brill-Lindquist solution delivers the
correct boundary conditions for the point-mass model.
The truncation of the constraint equations in the form hTTij ≡ 0 as well as
dropping an additional term in the Hamiltonian constraint connected with
the energy density of the field momentum results in a remarkable, fully ex-
plicitly solvable conservative so-called skeleton dynamics which allows a PN
expansion of the Hamiltonian, and of all the metric coefficients too, to all
orders, see next section.
3.3 Skeleton Hamiltonian
In Ref. [37] the skeleton dynamics has been developed. The skeleton approach
to general relativity requires the conformal flat condition for the spatial three-
metric for all times (not only initially as for the Brill-Lindquist solution)
γij = (1 +
1
8φ)
4δij . (50)
Hereof, in our coordinate system, maximal slicing follows,
πijγij = 2
√
γγijKij = 0 . (51)
Under the conformal flat condition for the spatial three-metric, the momen-
tum constraint equations become
πji, j = −
8πG
c3
∑
a
paiδa . (52)
The solution of these equations is constructed under the condition that πji
(and not πij , see Eqs. (33) and (34)) is purely longitudinal, i.e.
πji = ∂iVj + ∂jVi −
2
3
δij∂lVl . (53)
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This condition is part of the definition of the skeleton model. At spacelike
infinity, the surface-area integrals of πji or π
ij are proportional to the total
linear momentum of the binary system.
Furthermore, in the Hamilton constraint equation, which in our case reads
∆φ = − π
j
i π
i
j
(1 + 18φ)
7
− 16πG
c2
∑
a
maδa
(1 + 18φ)
(
1 +
p2a
(1 + 18φ)
4m2ac
2
)1/2
, (54)
we perform a truncation of the numerator of the first term in the following
way
πji π
i
j ≡ −2Vj∂iπij + ∂i(2Vjπij) → −2Vj∂iπij =
16πG
c3
∑
a
pajVjδa , (55)
i.e. we drop from πji π
i
j the term ∂i(2Vjπ
i
j). This is the second crucial trunca-
tion condition additional to the conformal flat one. Without this truncation
neither an explicit solution can be achieved nor a PN expansion is feasible.
From [29] we know that at the 3 PN level the hTTij -field is needed to make
the sum of the corresponding terms from πji π
i
j analytic in 1/c.
With the aid of the ansatz
φ =
4G
c2
∑
a
αa
ra
(56)
and by making use of dimensional regularization, the energy and momentum
constraint equations result in an algebraic equation of the form, [37],
αa =
ma
1 +A αbrab
[
1 +
p2a/(m
2
ac
2)
(1 +Aαb/rab)
4
] 1
2
+
paiVai/c
(1 +Aαb/rab)
7 , (57)
where A ≡ G/(2 c2) and b 6= a.
With these inputs the skeleton Hamiltonian for binary black holes becomes
(at least initially, for pa = 0, the solution is consistent with general relativity)
Hsk ≡ − c
4
16πG
∫
d3x∆φ = c2
∑
a
αa . (58)
The Hamilton equations of motion read
x˙a =
∂H
∂pa
, p˙a = − ∂H
∂xa
. (59)
In the center-of-mass frame of the binary system, we define
p ≡ p1 = −p2, r ≡ x1 − x2, r2 = (x1 − x2) · (x1 − x2) . (60)
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Further, we will employ the following convenient dimensionless quantities
tˆ =
t c3
Gm
, rˆ =
r c2
Gm
, pˆ =
p
µ c
, Hˆsk =
Hsk
µ c2
, (61)
jˆ =
J c
Gmµ
, pˆr =
pr
µ c
, pˆ2 = pˆ2r + jˆ
2/rˆ2 , (62)
where J = r×p is the orbital angular momentum in the center-of-mass frame
and pr = p · r/r the radial momentum. The total rest-mass is denoted by
m = m1 +m2 and the reduced mass by µ = m1m2/m. The binary skeleton
Hamiltonian HˆSk can be put into the following form, [38],
Hˆsk = 2 rˆ
(
ψ1 + ψ2 − 2
)
with (63)
ψ1 = 1 +
χ−
4 rˆ ψ2
(
1 +
4 ν2
(
pˆ2r + jˆ
2/rˆ2
)
χ2− ψ
4
2
)1/2
−
(
8 pˆ2r + 7jˆ
2/rˆ2
)
ν2
8 rˆ2ψ72
,(64)
ψ2 = 1 +
χ+
4 rˆ ψ1
(
1 +
4 ν2
(
pˆ2r + jˆ
2/rˆ2
)
χ2+ ψ
4
1
)1/2
−
(
8 pˆ2r + 7jˆ
2/rˆ2
)
ν2
8 rˆ2ψ71
,(65)
where χ− =
(
1−√1− 4 ν) and χ+ = (1 +√1− 4 ν) with ν = µ/m.
The conservative skeleton Hamiltonian has the following nice properties.
It is exact in the test-body limit where it describes the motion of a test
particle in the Schwarzschild spacetime. It is identical to the 1 PN accurate
Hamiltonian for the binary dynamics in general relativity. Further, as ex-
plained earlier, when point particles are at rest, the Brill-Lindquist initial
value solution is reproduced. It is remarkable that the skeleton Hamiltonian
allows a PN expansion in powers of 1/c2 to arbitrary orders. The skeleton
Hamiltonian thus describes the evolution of a kind of black holes under both
conformal flat conditions for the three-metric and analyticity conditions in
1/c2 for the Hamiltonian. Of course, gravitational radiation emission is not
included. It can, however, be added to some reasonable extent, see [38].
Restricting to circular orbits and defining x = (Gmω/c3)2/3, where ω is
the orbital angular frequency, the skeleton Hamiltonian reads explicitly to 3
PN order,
Hˆsk = −x
2
+
(
3
8
+
ν
24
)
x2 +
(
27
16
+
29
16
ν − 17
48
ν2
)
x3
+
(
675
128
+
8585
384
ν − 7985
192
ν2 +
1115
10368
ν3
)
x4 +O(x5) . (66)
In Ref. [37] the coefficients are given to the order x11 inclusively.
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In the Isenberg-Wilson-Mathews approach to general relativity only the
conformal flat condition is employed. Thus the energy stops being analytic
in 1/c at 3 PN. Through 2 PN order, the Isenberg-Wilson-Mathews energy
of a binary is given by
HˆIWM = −x
2
+
(
3
8
+
ν
24
)
x2 +
(
27
16
− 39
16
ν − 17
48
ν2
)
x3 . (67)
We already quote here the 3 PN result of general relativity. It reads, see Eq.
(129),
Hˆ3PN = −x
2
+
(
3
8
+
ν
24
)
x2 +
(
27
16
− 19
16
ν +
1
48
ν2
)
x3
+
(
675
128
+
(
205
192
π2 − 34445
1152
)
ν +
155
192
ν2 +
35
10368
ν3
)
x4 . (68)
The difference between HˆIWM and Hˆsk through 2 PN order shows the effect
of truncation in the field-momentum part of Hˆsk and the difference between
HˆIWM and Hˆ3PN reveals the effect of conformal flat truncation. In the test-
body limit, ν = 0, all the Hamiltonians coincide and for the equal-mass case,
ν = 1/4, their differences are largest.
3.4 Functional representation of compact objects
Before going on with the presentation of more dynamical expressions we
will discuss in more detail the δ-function-source model we are employing.
Although we are interested in both neutron stars and black holes, our matter
model will be based on black holes because these are the simplest objects in
general relativity and neutron stars resemble them very much as seen from
outside. The simplest black holes are the isolated non-rotating ones. Their
solution is the Schwarzschild metric which solves the Einstein field equations
for all time. In isotropic coordinates, the Schwarzschild metric reads
ds2 = −
(
1− MG2rc2
1 + MG2rc2
)2
c2dt2 +
(
1 +
MG
2rc2
)4
dx2 , (69)
where M is the gravitating mass of the black hole and r2 = (x1)2 + (x2)2 +
(x3)2, dx2 = (dx1)2+(dx2)2+(dx3)2. It should be pointed out that the origin
of the coordinate system r = 0 is not located where the Schwarzschild singu-
larity R = 0 (radial Schwarzschild coordinate R) in Schwarzschild coordinates
is located, rather it is located on the other side of the Einstein-Rosen bridge,
at infinity. The relation between isotropic coordinates and Schwarzschild co-
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ordinates reads R = r(1 + MG2rc2 )
2 if MG/2c2 ≤ r and R′ = r(1 + MG2rc2 )2 if
0 ≤ r ≤ MG/2c2, where R′ is another Schwarzschild radial coordinate ap-
propriate for the geometry of the other side of the Einstein-Rosen bridge.
The regimes 0 ≤ R < 2GM/c2 and 0 ≤ R′ < 2GM/c2 are not accessible
to isotropic coordinates. The harmonic radial coordinate, say here, ̺, relates
to the Schwarzschild radial coordinate through R = ̺ +MG/c2. Evidently,
the origin of the harmonic coordinates is located at R = MG/c2 which is a
spacelike curve in the region between event horizon and Schwarzschild singu-
larity.
For two black holes, the metric for maximally sliced Brill-Lindquist initial
time-symmetric data reads
ds2 = −
(
1− β1G2r1c2 −
β2G
2r2c2
1 + α1G2r1c2 +
α2G
2r2c2
)2
c2dt2 +
(
1 +
α1G
2r1c2
+
α2G
2r2c2
)4
dx2 , (70)
where the αa coefficients are given in Eq. (46) and where the βa coefficients
can be found in [39] (notice ∂tra = 0, initially).
The total energy results from the ADM mass-energy expression
EADM = − c
4
2πG
∮
i0
dsi∂iΨ = − c
4
2πG
∫
d3x∆Ψ = (α1 + α2)c
2 , (71)
where Ψ = 1 + α1G2r1c2 +
α2G
2r2c2
and dsi = n
ir2dΩ is a two-dimensional surface-
area element with unit radial vector ni = xi/r and solid angle element dΩ.
Introducing the inversion map r′1 = α
2
1G
2/4c4r1 or, r
′
1 = r1α
2
1G
2/4c4r21
and r1 = r
′
1α
2
1G
2/4c4r′21 , where r1 = x − x1, r1 = |x − x1|, r′1 = x′ − x1,
r′1 = |x′ − x1|, the three-metric at the throat of black hole 1, dl2 = Ψ4dx2,
transforms into
dl2 = Ψ ′4dx′
2
=
(
1 +
α1G
2r′1c
2
+
α1α2G
2
4r2r′1c
4
)4
dx′
2
, (72)
where r2 =
α2
1
G2
4c4
r
′
1
r′2
1
+ r12 with r12 = r1 − r2. From the new metric function
Ψ ′ = 1 + α1G2r′
1
c2 +
α1α2G
2
4r2r′1c
4 the proper mass of the throat 1 results in, taking
into account r2 = r
′
1α
2
1G
2/4c4r′21 + r12,
m1 = − c
2
2πG
∮
i0
ds′i∂
′
iΨ
′ = − c
2
2πG
∫
d3x′∆′Ψ ′ (73)
= α1 +
α1α2G
2r12c2
.
This construction as performed in Ref. [33] is a purely geometrical or vacuum
one without touching singularities. Thus having the two individual masses
m1 and m2 the gravitational interaction energy is obtained as E = EADM −
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(m1 +m2)c
2. Recall that this energy belongs to an initial value solution of
the Einstein constraint equations with vanishing of both hTTij and particle
and field momenta. In this initial conditions spurious gravitational waves are
included.
Let us introduce now point masses as sources for the Schwarzschild black
hole. The stress-energy tensor density of test-mass point particles in a (d+1)-
dimensional curved spacetime reads
T νµ (xσ) = c2
∑
a
mauaµ(t)v
ν
a(t)δa , (74)
where gµνa uaµuaν = gaµνu
µ
au
ν
a = −1, vµa = uµa/u0a, and δa = δ(x − xa(t))
is the usual Dirac delta functions in d-dimensional flat space. In canonical
framework, the momentum density πi of the matter is given by
πi =
1
c
T 0i = c
∑
a
mauaiδa . (75)
It is the source term in the momentum constraint. The important energy
density in the Hamilton constraint reads
− T 0µ nµ = −c2
∑
a
mauaµn
µδa = c
2
∑
a
mau
0
aNδa , (76)
where nν is the timelike unit vector, nµnµ = −1 orthogonal to time slices t
= const, nµ = (−N, 0, 0, 0); N is the lapse function, see [6]. Independently
from the form of the metric, the equations of motion are fulfilled and can be
put into the form
vνa∇νuaµ = 0 , (77)
which means geodesic motion for each particle.
The formal insertion of the stress-energy density into the Einstein field
equations yields the following equations for the metric functions, for uai = 0,
− Ψ∆φ = 16πG
c2
∑
a
maδa , (78)
where
γij = Ψ
4
d−2 δij , Ψ = 1 +
d− 2
4(d− 1)φ . (79)
If the lapse function N is represented by
N =
χ
Ψ
, (80)
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an equation for χ (be aware of the difference with χ± in the Eqs. (64) and
(65)) results of the form,
Ψ2∆χ =
4πG
c2
d− 2
d− 1
∑
a
maχδa . (81)
With the aid of the relation,
−∆−1δ = Γ ((d− 2)/2)
4πd/2
r2−d (82)
it is easy to show that for 1 < d < 2 the equations for Ψ and χ do have
well-defined solutions. Plugging in the ansatz, for d dimensions,
Ψ = 1 +
G(d− 2)Γ ((d− 2)/2)
c2(d− 1)π(d−2)/2
(
α1
rd−21
+
α2
rd−22
)
, (83)
gives, for “mass-point 1” (mass-point seems the better notion compared with
point particle or point mass because it is a fictitious particle only),(
1 +
G(d− 2)Γ ((d− 2)/2)
c2(d− 1)π(d−2)/2
(
α1
rd−21
+
α2
rd−22
))
α1δ1 = m1δ1 (84)
or, taking 1 < d < 2, and then taking the limit r1 → 0,(
1 +
G(d− 2)Γ ((d− 2)/2)
c2(d− 1)π(d−2)/2
α2
rd−212
)
α1δ1 = m1δ1 . (85)
Going over to d = 3 by arguing that the solutions are analytic in d just results
in the equation, cf. Eq. (57),
αa =
ma
1 +A αbrab
, (86)
where b 6= a and a, b = 1, 2, with the solution shown in Eq. (46). The ADM
energy is again given by, in the limit d = 3, see Eq. (71),
EADM = (α1 + α2)c
2 . (87)
Here we recognize the important property that although the Eqs. (46) and
(47) may describe close binary black holes with strongly deformed apparent
horizons, the both black holes can still be generated by mass-points in con-
formally related flat space. This is the justification for our particle model
to be taken as model for orbiting black holes. We also will argue that bi-
nary black holes generated by mass-points are orbiting black holes without
spin, i.e. binary Schwarzschild-type black holes. We wish to point out that
at the support of our δ-functions the physical spacetime is completely flat so
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they can not be interpreted as local sources of gravity. They rather repre-
sent wormhole geometries. The geometrical vacuum calculations in [33] are
completely finite, no infinite energies enter. The same holds with dimensional
regularization where the formally infinite self-energies turn out to be zero.
This is nicely consistent with the fact of the Dirac delta functions are living
in flat space.
Working in the sense of distributions, the dimensional regularization proce-
dure preserves the important law of “tweedling of products”, [41], FregGreg =
(FG)reg , and gives all integrals, particularly the inverse Laplacian, a unique
definition. In the sense of analytic functions, all integrals are well-defined. A
famous formula derived in [40] plays an all-over important roˆle in PN calcu-
lations, ∫
ddx rα1 r
β
2 = π
d/2Γ (
α+d
2 )Γ (
β+d
2 )Γ (−α+β+d2 )
Γ (−α2 )Γ (−β2 )Γ (α+β+2d2 )
rα+β+d12 . (88)
It is well known that distributions or generalized functions like the Dirac
delta function are boundary-value functions. To overcome distributional
derivations like in
∂i∂jr
2−d = Pf
(
(d− 2)dn
inj − δij
rd
)
− 4π
d/2
dΓ (d/2− 1)δijδ, (89)
where Pf denotes the Hadamard partie finie, it is very convenient to resort
on the class of analytic functions introduced in [40],
δǫ =
Γ ((d− ǫ)/2)
πd/22ǫΓ (ǫ/2)
rǫ−d , (90)
resulting in the Dirac delta function in the limit
δ = limǫ→0δǫ . (91)
On this class of functions, the inverse Laplacian operates as
−∆−1δǫ = Γ ((d− 2− ǫ)/2)
4πd/22ǫΓ (ǫ/2 + 1)
rǫ+2−d = δǫ+2, (92)
which is special case of the convolution property δǫ ∗ δǫ′ = δǫ+ǫ′ which also
results in the formula of Eq. (88), and the second partial derivatives read
∂i∂jr
ǫ+2−d = Pf
(
(d− 2− ǫ) (d− ǫ)n
inj − δij
rd−ǫ
)
. (93)
No delta-function distributions are involved. Though the replacement in the
stress-enery tensor density of δ through δǫ does destroy the divergence free-
ness of the stress-energy tensor and thus the integrability conditions of the
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Einstein theory, the relaxed Einstein field equations (the ones which result
after imposing coordinate conditions) do not force the stress-energy tensor to
be divergence free and can thus be solved without problems. The solutions
one gets do not fulfill the Einstein field equations but in the final limits of
the ǫa going to zero the general coordinate covariance of the theory is recov-
ered. This property, however, only holds if these limits were taken before the
limit d = 3 is performed, [42]. For completeness we give here the terms which
violate the contracted Bianchi identities,
∇νT νµ =
c2
2
∑
a
ma(gρσ,µ − (gρσ,µ)a)vρauσaδǫa . (94)
We wish to point out here a difference between ADM formalism and the
harmonic coordinates approach. If in the harmonic coordinates approach the
stress-energy tensor is not divergence free the relaxed field equations can
be solved but the harmonic coordinate conditions will not be satisfied any
further. This is different with the form we use the ADM formalism where the
coordinate conditions are kept valid when solving the relaxed field equations.
The relaxed field equations in the harmonic case include ten functions, which
are just the metric coefficients, and the divergence freeness of the stress-
energy tensor is achieved if on the solution space the harmonic coordinate
conditions are imposed. In the ADM formalism in Routhian form the ten
metric functions do fulfill the ADM coordinate conditions and equations of
motion do follow from the Routhian. They, however, will not be the ones
resulting from the Einstein field equations. Those will be obtained in the
limits of ǫa → 0 only.
The method of dimensional regularization has proven fully successful in
both approaches, the Hamiltonian one and the one using the Einstein field
equations in harmonic coordinates. However, another important difference be-
tween both approaches should be mentioned. Whereas in the ADM approach
all poles of the type 1/(d − 3) cancel each other and no regularization con-
stants are left, in the harmonic gauge approach poles survive with uncancelled
constants, [9], [10]. As found out, the difference is of gauge type only and can
thus be eliminated by redefinition of the particle positions. On the other side,
it shows that the positions of the mass-points in the Hamiltonian formalism
are excellently chosen. Resorting to the maximally extended Schwarzschild
metric, the spatial origin of the harmonic coordinates has Schwarzschild coor-
dinate R =MG/c2 inside horizon which can be reached by observers whereas
the spatial origin of the ADM coordinates is located on a spacelike hyper-
surface at R′ = ∞ beyond horizon. The location of the origin of the ADM
coordinates allows quite a nice control of the motion of the objects.
The ADM coordinate system we are using in our article is called asymptot-
ically maximal slicing because the trace of the extrinsic curvature of the t =
const spacelike slices is not zero but decays as 1/r3 (in four spacetime dimen-
sions) at spacelike infinity. It is closely related with the Dirac coordinate con-
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ditions, (γ1/3γij),j = 0, K
i
i = 0, which introduce maximal slicing. Recently,
maximal slicing coordinates of the type introduced in Ref. [43] have proved
useful in numerical relativity using moving punctures [44]. These coordinates
are completely different from both the Dirac and ADM coordinates because
those slices e.g. for Schwarschild black holes show crossings of the event hori-
zon and settle down in the region between the Schwarzschild singularity and
event horizon asymptotically. Only asymptotically these coordinates become
rigidly connected to the Schwarzschild geometry. Nonetheless, moving punc-
tures in numerical relativity are closely related with evolving Brill-Lindquist
black holes.
3.5 PN expansion of the Routh functional
In case of the full Einstein theory, a formal PN expansion of the Routh
functional in powers of 1/c2 is feasible. Using the definition hTTij =
16πG
c4 hˆ
TT
ij ,
we may write
R
[
xia, pai, h
TT
ij , ∂th
TT
ij
]− c2∑
a
ma =
∞∑
n=0
1
c2n
Rn
[
xia, pai, hˆ
TT
ij , ∂thˆ
TT
ij
]
.(95)
Furthermore, also the field equation for hTTij can be put into a PN series form,(
∆− ∂
2
t
c2
)
hˆTTij =
∞∑
n=0
1
c2n
DTT(n)ij [x
k, xka, pak, hˆ
TT
kl , ∂thˆ
TT
kl ] . (96)
This equation has to be solved iteratively with the aid of retarded integrals
which themselves have to be expanded in powers of 1/c. In higher orders,
however, log-of-1/c terms will show up, [2].
3.6 Near-zone energy loss versus far-zone energy flux
The change in time of the matter Hamiltonian (it is minus the Lagrangian
for the gravitational field) reads, assuming R to be local in the gravitational
field,
dR
dt
=
∂R
∂t
=
∫
∂R
∂h
h˙+
∫
∂R
∂∇h∇h˙+
∫
∂R
∂h˙
h¨ , (97)
where
R = R[xia, pai, h, h˙] =
∫
R(xia, pai, h,∇h, h˙) (98)
with abbreviations
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≡
∫
d3x, h ≡ hTTij , ∇h ≡ ∂khTTij , h˙ ≡ ∂thTTij . (99)
Above, the equation for dR/dt is valid provided the equations of motion
p˙ai = − ∂R
∂xia
, x˙ia =
∂R
∂pai
(100)
hold. Furthermore, we have∫
∂R
∂∇h∇h˙+
∫
∂R
∂h˙
h¨ =
∫
∇
(
∂R
∂∇hh˙
)
+
d
dt
∫ (
∂R
∂h˙
h˙
)
(101)
−
∫
∇
(
∂R
∂∇h
)
h˙−
∫
d
dt
(
∂R
∂h˙
)
h˙ .
Introducing the canonical field momentum
c3
16πG
π = −∂R
∂h˙
, (102)
with abbreviation π ≡ πijTT, and the Legendre transform
H = R+
c3
16πG
∫
πh˙, or R = H − c
3
16πG
∫
πh˙ , (103)
the energy loss equation takes the form
dH
dt
=
∫
∇
(
∂R
∂∇hh˙
)
+
∫
∂R
∂h
h˙−
∫
∇
(
∂R
∂∇h
)
h˙−
∫
d
dt
(
∂R
∂h˙
)
h˙ . (104)
The application of the field equations
∂R
∂h
−∇
(
∂R
∂∇h
)
− d
dt
(
∂R
∂h˙
)
= 0 (105)
results in, employing the leading order quadratic field structure of R,
dH
dt
=
∫
∇
(
∂R
∂∇hh˙
)
=
∮
fz
ds
∂R
∂∇hh˙ =
c4
32πG
∮
fz
ds(∇h)h˙ (106)
= − c
3
32πG
∮
fz
dΩr2h˙2 ,
where “fz” denotes the far zone (see e.g. section 6.1), dΩ the solid-angle
element, and r the radial coordinate of the two-surface of integration with
surface-area element ds = nr2dΩ. Here the further assumption has been
made that the volume integrals in Eq. (97) may have the outer-most region
Post-Newtonian methods: Analytic results on the binary problem 21
of the far zone as outer boundary. The expression
L = c
3
32πG
∮
fz
dΩr2(h˙TTij )
2 (107)
is the well known total energy flux (luminosity L) of gravitational waves.
The Newtonian and 1 PN wave generation fit into the above scheme of local
Routhian density and far-zone as outer boundary which can be inferred from
[50].
4 Binary point masses to higher PN order
Most compact representations of dynamical systems are with Hamiltonians.
Up to the 3.5 PN order, the Hamiltonian of binary point-mass systems is
explicitly known, reading
H(t) = m1c
2 +m2c
2 +HN +
1
c2
H[1PN ] +
1
c4
H[2PN ]
+
1
c5
H[2.5PN ](t) +
1
c6
H[3PN ] +
1
c7
H[3.5PN ](t) . (108)
The non-autonomous dissipative Hamiltonians H[2.5PN ](t) and H[3.5PN ](t)
are written as explicitly depending on time because they depend on the grav-
itational field variables or, in case those are reduced to matter variables, on
primed matter variables, see section 4.4.
To simplify expressions like in section 3.3, we go over to the center-of-mass
frame p1 + p2 = 0 and also define
H˜ = (H −mc2)/µ, µ = m1m2/m, m = m1 +m2, ν = µ/m,
p = p1/µ, pr = (n · p), q = (x1 − x2)/Gm, n = q/|q| (109)
with 0 ≤ ν ≤ 1/4 (ν = 0 test-body case, ν = 1/4 equal-mass case) .
4.1 Conservative Hamiltonians
The conservative binary Hamiltonians read in reduced variables (the dissipa-
tive Hamiltonians will be treated in section 4.4), see [47],
H˜N =
p2
2
− 1
q
, (110)
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H˜[1PN ] =
1
8
(3ν − 1)p4 − 1
2
[(3 + ν)p2 + νp2r]
1
q
+
1
2q2
, (111)
H˜[2PN ] =
1
16
(1 − 5ν + 5ν2)p6
+
1
8
[(5− 20ν − 3ν2)p4 − 2ν2p2rp2 − 3ν2p4r]
1
q
+
1
2
[(5 + 8ν)p2 + 3νp2r]
1
q2
− 1
4
(1 + 3ν)
1
q3
, (112)
H˜[3PN ] =
1
128
(−5 + 35ν − 70ν2 + 35ν3)p8
+
1
16
[(−7 + 42ν − 53ν2 − 5ν3)p6 + (2− 3ν)ν2p2rp4
+ 3(1− ν)ν2p4rp2 − 5ν3p6r]
1
q
+ [
1
16
(−27 + 136ν + 109ν2)p4 + 1
16
(17 + 30ν)νp2rp
2
+
1
12
(5 + 43ν)νp4r]
1
q2
+ [
(
−25
8
+
(
1
64
π2 − 335
48
)
ν − 23
8
ν2
)
p2
+
(
−85
16
− 3
64
π2 − 7
4
ν
)
νp2r]
1
q3
+ [
1
8
+
(
109
12
− 21
32
π2
)
ν]
1
q4
.(113)
These Hamiltonians constitute an important element in the construction of
templates for gravitational waves emitted from compact binaries. They serve
also as basis of the effective one-body (EOB) approach, where with the aid
of a canonical transformation the dynamics is put into test-body form of a
deformed Schwarzschild metric, [51]. From the reduced Hamiltonians, where
a factor of 1/ν is factorized out, the standard test-body dynamics is very
easily obtained, simply by putting ν = 0.
4.2 Dynamical invariants
Dynamical invariants related to our previous dynamics are easily calculated
within a Hamiltonian framework, [32]. Let us denote the radial action by
ir(E, j) with E = H˜ and p
2 = p2r+ j
2/r2 (p = prer+pϕeϕ with orthonormal
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basis er, eϕ in the orbital plane). Then it holds
ir(E, j) =
1
2π
∮
dr pr, (114)
where the integration is originally defined from minimum to minimum radial
distance. Thus all expressions derived hereof relate to orbits completed in this
sense. From analytical mechanics it is known that the phase of the completed
orbit revolution Φ is given by
Φ
2π
= 1 + k = − ∂
∂j
ir(E, j) (115)
and the orbital period P reads
P
2πGm
=
∂
∂E
ir(E, j) . (116)
Explicitly we get, for the periastron advance parameter k,
k =
1
c2
3
j2
{
1 +
1
c2
[
5
4
(7− 2ν) 1
j2
+
1
2
(5− 2ν)E
]
+
1
c4
[
a1(ν)
1
j4
+ a2(ν)
E
j2
+ a3(ν)E
2
]}
, (117)
and for the orbital period,
P
2πGm
=
1
(−2E)3/2
{
1− 1
c2
1
4
(15− ν)E
+
1
c4
[
3
2
(5− 2ν) (−2E)
3/2
j
− 3
32
(35 + 30ν + 3ν2)E2
]
+
1
c6
[
a2(ν)
(−2E)3/2
j3
− 3a3(ν) (−2E)
5/2
j
+ a4(ν)E
3
]}
, (118)
where
a1(ν) =
5
2
(
77
2
+
(
41
64
π2 − 125
3
)
ν +
7
4
ν2
)
, (119)
a2(ν) =
105
2
+
(
41
64
π2 − 218
3
)
ν +
45
6
ν2, (120)
a3(ν) =
1
4
(5− 5ν + 4ν2), (121)
a4(ν) =
5
128
(21− 105ν + 15ν2 + 5ν3). (122)
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These expressions have direct applications to binary pulsars, [45]. Explicit
analytical orbit solutions of the conservative dynamics through 3 PN order
are given in [46].
4.3 ISCO and the post-Newtonian framework
The motion of a test-body in the Schwarzschild metric is known to have its
innermost stable circular orbit (ISCO) at 6MG/c2, in Schwarzschild coor-
dinates. For test-bodies in rotating black holes (Kerr black holes) the ISCO
lowers down up to MG/c2 in case of direct motion and goes up to 9MG/c2
for retrograd motion, both motions in the equatorial plane. The ISCO of
MG/c2 is just the corotating case, where the Kerr black hole rotates as fast
as the test-body is orbiting. In the both limiting cases of test-body motion
MG/c2 and 9MG/c2, the black holes have maximal spins.
Within a Hamiltonian formalism the determination of the ISCO can be
done straightforwardly. Just the following two equations have to be satisfied
in the center-of-mass frame within the class of orbital circles (pr = 0),
∂H(r, J)
∂r
= 0 (dynamical circles),
∂2H(r, J)
∂r2
= 0 , (123)
where r is the relative radial coordinate and J the orbital angular momentum.
With the aid of the relation for the orbital frequency
ω =
dH(J)
dJ
, (124)
which holds for circular motion, the condition for the ISCO can also be put
into the form
dH(ω)
dω
= 0 . (125)
Of course, one also could work with the Legendre transform F (ω) = H(J)−
Jω and put d
2F (ω)
dω2 = 0 but the outcome would be the same (recall, dH =
ωdJ , dF = −Jdω). Stability in the present approach with circular orbits
means d
2F
dω2 > 0 or,
dJ
dω < 0 or
dH
dω < 0.
In the context of approximation calculations, the main difference between
the H(r, J) and H(ω) approaches is that r is not a coordinate invariant
variable; in the case of approximately known H(r, J), this results in different
values for the ISCO depending on the chosen coordinates. This is not the
case with an approximately known H(ω) because it is coordinate invariant.
Hereof, however, it does not follow that the ISCO calculated with H(ω) is
more realistic than the ones calculated via H(r, J) rather the varieties of
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ISCOs obtained via approximate H(r, J) show up the uncertainty in their
true location.
A test particle in the Schwarzschild spacetime on circular orbits has the
reduced Hamiltonian
Hˆ(x) =
1− 2x
(1− 3x)1/2 − 1
= −1
2
x+
3
8
x2 +
27
16
x3 +
675
128
x4 +
3969
256
x5 + ... , (126)
where
Hˆ(x) ≡ H(x) −mc
2
mc2
, x =
(
GMω
c3
)2/3
. (127)
The condition dHˆ(x)dx = 0 yields x = 1/6 ≈ 0.167 or, in Schwarzschild coor-
dinates R = 6GM/c2. Evidently, ISCOs are located close to the reliability
limit of PN expansions, [47].
Using the dynamical invariants, the angular frequency of circular motion
can be written as
ωcirc = ωradial + ωperiastron = 2π
1 + k
P
. (128)
With the aid of the definition x =
(
GMωcirc
c3
)2/3
, the binary dynamics yield,
through 3PN order, i.e. c2Hˆ3PN = H˜N +
1
c2 H˜[1PN ] +
1
c4 H˜[2PN ] +
1
c6 H˜[3PN ],
Hˆ3PN (x) = −x
2
+
(
3
8
+
1
24
ν
)
x2 +
(
27
16
− 19
16
ν +
1
48
ν2
)
x3
+
(
675
128
+
(
−34445
1152
+
205
192
π2
)
ν +
155
192
ν2 +
35
10368
ν3
)
x4 .(129)
The ISCO, calculated with the aid of Eq. (125), turns out to be x ≈ 0.255,
[48], [37].
To likely improve the PN truncation a representation of the energy is
helpful which in the test-particle limit is known to be a ratio of two simple
polynomials e.g.,
e ≡ (1 + Hˆ)2 − 1 = −x1− 4x
1− 3x (130)
For the binary 3 PN Hamiltonian, e turns out to be
e(x) = −x[1−
(
1− 1
3
ν
)
x−
(
3− 35
12
ν
)
x2 (131)
−
(
9 +
5
24
(
41
4
π2 − 4309
15
ν
)
+
103
36
ν2 − 1
81
ν3
)
x3 + ...].
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Applying to this expression the technic of pade´ing, i.e. putting it on a ratio-
of-polynomials footing, the ISCO turned out to be, for equal-mass binaries,
x ≈ 0.198, [47].
To make contact to a recent discussion about the existence or non-existence
of ISCOs for equal-mass binaries in a post-Newtonian setting [8] we discuss
the more general stability conditions for non-circular orbits using the Hamil-
tonian H(r, pr, J), where J = pϕ. The crucial conditions for stability are
(1] :
∂2H
∂r2
> 0, (2] :
∂2H
∂p2r
> 0, (3] :
∂2H
∂r2
∂2H
∂p2r
> 0. (132)
Instability occurs if one of the >-signs turns to zero. This particularly means
that the >-sign in (3] has to be zero. On the other side, in approximation
calculations, where truncated series occur, the expression (3] can be zero
without one of the expressions (1] or (2] being zero because the product of
two series of the order n PN, which is of order 2n PN, is again truncated at
n PN and thus can be zero without one or both of the factors being zero. In
Ref. [8] the condition (3] has been given priority because it turned out to be
coordinate invariant through 3 PN order (notice in this regard, pr = ∂W/∂r,
where W is an action).
4.4 PN dissipative binary dynamics
The leading order 2.5 PN dissipative binary orbital dynamics is described by
the non-autonomous Hamiltonian, [49],
H[2.5PN ](t) =
2G
5c5
d3Qij(t)
dt3
(
p1ip1j
m1
+
p2ip2j
m2
− Gm1m2
r12
)
, (133)
where
Qij(t) =
∑
a=1,2
ma(x
′i
ax
′j
a −
1
3
x′2a δij) (134)
is the Newtonian mass-quadrupole tensor. Evidently, only after the Hamil-
ton equations of motion are calculated the primed position and momentum
variables resulting via Qij(t) from time differentiations and use of the equa-
tions of motion are allowed to be identified with the unprimed position and
momentum variables. The 3.5 PN Hamiltonian is known too, but it will not
be given here because of quite lengthy expressions, [50]. Applications of the
2.5 PN Hamiltonian can be found in, e.g. [52], [53], [51], [38], where in Ref.
[38] a transformation to the Burke-Thorne gauge (coordinate conditions) is
performed.
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5 Toward binary spinning black holes
Within the ADM formalism the action functional (i.e. the integral of the
Lagrangian) of rotating bodies must have the following structure as long as
the lengths of the spins are preserved in time,
W =
∫
dt
(∑
a
paix˙
i
a +
∑
a
S(i)a Ω
(i)
a +
1
16π
∫
d3xπijTT h˙
TT
ij (135)
− HADM
[
xia, pai, S
(j)
a , h
TT
ij , π
ij
TT
])
.
Here, Ω
(i)
a = Ωa(i) =
1
2ǫijkΛa(l)(j)Λ˙a(l)(k), Λa(i)(k)Λa(j)(k) = Λa(k)(i)Λa(k)(j) =
δij , ǫijk = (i − j)(j − k)(k − i)/2; and pai, xia, S(i)a = Sa(i), and δΘ(i)a =
1
2ǫijkΛa(l)(j)δΛa(l)(k) are the independent matter variables, where the index
a again numerates the particles. Notice that Θ
(i)
a are anholonomic variables
related to the angle-type variables Λa(i)(j) of the proper rotations (spins).
Ω
(i)
a is the spin precession angular frequency vector of the ath particle. The
equations of motion for the particles read,
x˙ia(t) =
δ
∫
dt′HADM
δpai(t)
, p˙ai(t) = −δ
∫
dt′HADM
δxia(t)
(136)
Ω(i)a (t) =
δ
∫
dt′HADM
δS
(i)
a (t)
, S˙(i)a (t) = ǫijkΩ
(j)
a (t)S
(k)
a (t) , (137)
where the last equation results from the action functional through variation
with respect to Θ
(i)
a ; for more details, see e.g. [54]. The Hamiltonian which
generates both the evolution equations for all dynamical variables as well
as the contraint equations through variation with respect to the Lagrange
multipliers, the lapse and shift functions N and N i, respectively, is given by
H =
∫
d3x(NH−N iHi) + E[γij ], (138)
where
E[γij ] =
c4
16πG
∮
i0
dsi(γij,j − γjj,i) (139)
is a surface integral at spacelike infinity i0 with dsi the two-dimensional
surface-area element, [55], and
H = Hfield +Hmatter , (140)
Hi = Hfieldi +Hmatteri (141)
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with
16πG
c4
Hfield = −γ1/2R + 1
γ1/2
(
πijπ
j
i −
1
2
πiiπ
j
j
)
, (142)
16πG
c3
Hfieldi = 2∂jπji + πkl∂iγkl (143)
are the total Hamilton and (linear) momentum densities. After imposing the
constraint equations H = Hi = 0 and the coordinate conditions (32) - (34),
the energy expression E[γij ] turns into the ADM-Hamiltonian,
E[γij ] = H
[
xia, pai, S
(i)
a , h
TT
ij , π
ij
TT
]
. (144)
To linear order in the spin variables, the matter densities read (recall,
δa = δ(x − xa); on simplicity reasons the index a will not show up in the
following equations)
Hmatter = −(np)cδ − c
2
tkijγ
ij
,k −
[
cpl
mc− npγ
ijγklSˆjkδ
]
,i
, (145)
Hmatteri = piδ +
1
2
[
γmkSˆikδ
]
,m
−
[
plpk
np(mc− np)(γ
mkδpi + γ
mpδki )γ
qlSˆqpδ
]
,m
, (146)
with
− np ≡ −nµpµ =
(
m2c2 + γijpipj
)1/2
(147)
and
tkij = γ
kl Sˆl(ipj)
np
δ + γklγmn
Sˆm(ipj)pnpl
(np)2(mc− np)δ , (148)
where nµ is the future directed unit vector field orthogonal to the t = const
hypersurfaces, nµ = (−N, 0, 0, 0). The above expressions were shown to be
correct up to (and including) the orders S/c4 and S/c2 inHmatter andHmatteri ,
respectively.
Introducing a dreibein field e
(i)
j with e
(i)
j e
(i)
k = γjk and e(i)ke
k
(j) = δij , a
spin tensor S(k)(l) = e
i
(k)e
j
(l)Sˆij can be introduced which fulfills the relation
γikγjlSˆij Sˆkl = 2S(i)S(i) = const, (149)
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where 2S(i) = ǫijkS(j)(k). Crucial for our canonical formalism is the constancy
in time of S(i)S(i). Because of the symmetry property of the metric coefficients
γij , the symmetric root of γij
eilelj = γij , eij = eji (150)
can be taken for the dreibein field, i.e. e(j)k = ejk.
To the order the formalism has been developed consistently, the following
relations hold,
pai =
∫
Va
d3xHmatteri , (151)
Jaij =
∫
Va
d3x(xiHmatterj − xjHmatteri ) = xiapaj − xjapai + Sa(i)(j) , (152)
where Va denotes the volume of particle a. Furthermore,
{xia, paj} = δij , {Sa(i), Sa(j)} = ǫijkSa(k) , zero otherwise , (153)
and the total linear and angular momenta respectively take the forms Pi =∑
a pai and Jij =
∑
a Jaij .
The crucial consistency relation reads,
δHmatter
δγij
=
c
2
N
√
γ Tij (154)
with
Hmatter =
∫
d3x(NHmatter −N iHmatteri ) . (155)
It is fulfilled to the needed order,
√
γTij = −pipj
np
δ + tkij,k +O(G). (156)
In asymptotically flat spacetimes the Poincare´ group is a global symme-
try group. Its generators Pµ and Jµν are conserved and fulfill the Poincare´
algebra, see e.g. [55],
{Pµ, P ν} = 0, (157)
{Pµ, Jρσ} = −ηµρP σ + ηµσP ρ, (158)
{Jµν , P ρσ} = −ηνρJµσ + ηµρJνσ + ησµJρν − ησµJρµ. (159)
The meaning of the components are energy P 0 = H/c, linear momentum
P i = Pi, angular momentum J
ij = Jij , and Lorentz boost J
i0/c ≡ Ki =
Gi − t P i. A center-of-mass vector can be defined by X i = c2Gi/H . This
vector, however is not a canonical position vector, see e.g. [54]. The energy
H and the center-of-mass vector Gi = Gi have the representations
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H = − c
4
16πG
∫
d3x∆φ = − c
4
16πG
∮
i0
r2dΩn∇φ, (160)
Gi = − c
2
16πG
∫
d3xxi∆φ = − c
2
16πG
∮
i0
r2dΩnj(xi∂j − δij)φ, (161)
where i0 denotes spacelike infinity, r2dΩn is the two-dimensional surface-
area element, and n the radial unit vector. The two quantities, H, Gi, are
the most involved ones of those entering the Poincare´ algebra.
In terms of three-dimensional quantities, the Poincare´ algebra reads, see
e.g. [56], with Jij = ǫijkJk,
{Pi, H} = {Ji, H} = 0 , (162)
{Ji, Pj} = εijk Pk , {Ji, Jj} = εijk Jk , (163)
{Ji, Gj} = εijk Gk , (164)
{Gi, H} = Pi , (165)
{Gi, Pj} = 1
c2
H δij , (166)
{Gi, Gj} = − 1
c2
εijk Jk . (167)
The Poincare´ algebra has been extensively used in the calculations of PN
Hamiltonians for spinning binaries, [18], [19]. Hereby the most important
equation was (165) which tells that the total linear momentum has to be a
total time derivative. Once this equation has even fixed the kinetic ambiguity
in non-dimensional regularization calculations, [56]. The kinetic ambiguity
got also fixed by a Lorentzian version of the Hadamard regularization based
on the Fock-de Donder approach, [57].
5.1 Approximate Hamiltonians for spinning binaries
All the Hamiltonians, and the center-of-mass vectors too, given in this section
have been derived or rederived in recent papers by the author and his collab-
orators employing general relativity in canonical form, [17] - [21], adjusting
it to the motion of binary black holes.
The Hamiltonian of leading-order (LO) spin-orbit coupling reads
HLOSO =
∑
a
∑
b6=a
G
c2r2ab
(Sa × nab) ·
[
3mb
2ma
pa − 2pb
]
(168)
and the one of leading-order spin(1)-spin(2) coupling is given by
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HLOS1S2 =
∑
a
∑
b6=a
G
2c2r3ab
[3(Sa · nab)(Sb · nab)− (Sa · Sb)] , (169)
where rabnab = xa − xb, a 6= b and a, b = 1, 2. The more complicated Hamil-
tonian is the one with spin-squared terms because it relates to the rotational
deformation of spinning black holes. To leading order, say for spin(1), it reads
(details of derivation are given later)
HLOS1
1
=
Gm2
2c2m1r312
[3(S1 · n12)(S1 · n12)− (S1 · S1)] . (170)
The LO spin-orbit and spin(a)-spin(b) center-of-mass vectors take the form
GLOSO =
∑
a
1
2c2ma
(pa × Sa) , GLOS1S2 = 0 , GLOS2
1
= 0. (171)
Within the conservative 3 PN dynamics for spinless point masses, the center-
of-mass vector has been calculated in [56]. Applications of the LO spin Hamil-
tonians can be found in e.g. [58], [59], [60]. Other references treating the LO
spin dynamics are e.g. [61], [62], [63], [64]. For applications of the next-to-
leading-order (NLO) spin dynamics, presented straight below, see, e.g, [16],
[65].
The Hamiltonian of the NLO spin-orbit coupling reads, r = r12,
HNLOSO = −G
((p1 × S1) · n12)
c4r2
[
5m2p
2
1
8m31
+
3(p1 · p2)
4m21
− 3p
2
2
4m1m2
+
3(p1 · n12)(p2 · n12)
4m21
+
3(p2 · n12)2
2m1m2
]
+ G
((p2 × S1) · n12)
c4r2
[
(p1 · p2)
m1m2
+
3(p1 · n12)(p2 · n12)
m1m2
]
+ G
((p1 × S1) · p2)
c4r2
[
2(p2 · n12)
m1m2
− 3(p1 · n12)
4m21
]
− G2 ((p1 × S1) · n12)
c4r3
[
11m2
2
+
5m22
m1
]
+ G2
((p2 × S1) · n12)
c4r3
[
6m1 +
15m2
2
]
+ (1↔ 2) (172)
and the one of NLO spin(1)-spin(2) coupling is given by
HNLOS1S2 =
G
2m1m2c4r3
[6((p2 × S1) · n12)((p1 × S2) · n12)
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+
3
2
((p1 × S1) · n12)((p2 × S2) · n12)
− 15(S1 · n12)(S2 · n12)(p1 · n12)(p2 · n12)
− 3(S1 · n12)(S2 · n12)(p1 · p2) + 3(S1 · p2)(S2 · n12)(p1 · n12)
+ 3(S2 · p1)(S1 · n12)(p2 · n12) + 3(S1 · p1)(S2 · n12)(p2 · n12)
+ 3(S2 · p2)(S1 · n12)(p1 · n12)− 3(S1 · S2)(p1 · n12)(p2 · n12)
+ (S1 · p1)(S2 · p2)− 1
2
(S1 · p2)(S2 · p1) + 1
2
(S1 · S2)(p1 · p2)]
+
3
2m21r
3
[−((p1 × S1) · n12)((p1 × S2) · n12)
+ (S1 · S2)(p1 · n12)2 − (S1 · n12)(S2 · p1)(p1 · n12)]
+
3
2m22r
3
[−((p2 × S2) · n12)((p2 × S1) · n12)
+ (S1 · S2)(p2 · n12)2 − (S2 · n12)(S1 · p2)(p2 · n12)]
+
6(m1 +m2)G
2
c4r4
[(S1 · S2)− 2(S1 · n12)(S2 · n12)]. (173)
The calculation of the LO and NLO order S21-Hamiltonians needs more in-
formation about the source terms than given in Eqs. (145) and (146). To
achieve the LO +NLO S21 -Hamiltonians, the following additional source in
the Hamilton constraint is needed,
HmatterS2
1
,static = −
1
2m1
(
Qij1 δ1
)
;ij
+
1
8m1
γmnγ
pjγqlγmi,pγ
nk
,qSˆ1ijSˆ1klδ1(174)
+
1
4m1
(
γijγmnγkl,mSˆ1lnSˆ1jkδ1
)
,i
,
where ; i and , i denote three-dimensional covariant and partial derivatives,
respectively, and where
Qij1 ≡ γikγjlγmnSˆ1kmSˆ1nl +
2
3
S21γ
ij , (175)
2S21 = γ
ikγjlSˆ1ijSˆ1kl = const.
Qij1 is the quadupole tensor of the black hole with number 1 resulting from its
rotational deformation. Herewith, beyond the previously shown LO Hamil-
tonian (170), the NLO Hamiltonian comes out in the form, employing the
Poincare´ algebra for unique fixation of all coefficients,
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HNLOS2
1
=
G
c4r3
[
m2
4m31
(p1 · S1)2 − 3
4m1m2
p22S
2
1 +
3m2
8m31
(p1 · n)2 S21 −
3m2
8m31
p21 (S1 · n)2
− 3m2
4m31
(p1 · n) (S1 · n) (p1 · S1)− 3
4m1m2
p22S
2
1 +
9
4m1m2
p22 (S1 · n)2
+
3
4m21
(p1 · p2)S21 −
9
4m21
(p1 · p2) (S1 · n)2 − 3
2m21
(p1 · n) (p2 · S1) (S1 · n)
+
3
m21
(p2 · n) (p1 · S1) (S1 · n) + 3
4m21
(p1 · n) (p2 · n)S21
− 15
4m21
(p1 · n) (p2 · n) (S1 · n)2
]
− G
2m2
2c4r4
[
9(S1 · n)2 − 5S21 +
14m2
m1
(S1 · n)2 − 6m2
m1
S21
]
. (176)
The spin precession equations of the Hamiltonians HNLOSO and H
NLO
S2
1
have
been calculated also in the papers [23] and [24], respectively, where the first
paper [23] has benefited from paper [20]. The final spin precession equation
of the second paper [24], Eq. (60), deviates from the corresponding one in
[21]. A detailed inspection has shown that the last term in Eq. (62) of [24] has
wrong sign, [26]. Using the correct sign, after redefinition of the spin variable,
agreement with the Hamiltonian of Ref. [21] is achieved.
The NLO order spin-orbit and spin(a)-spin(b) center-of-mass vectors take
the form
GNLOSO = −
∑
a
p2a
8c4m3a
(pa × Sa)
+
∑
a
∑
b6=a
mbG
4c4marab
[
((pa × Sa) · nab)5xa + xb
rab
− 5(pa × Sa)
]
+
∑
a
∑
b6=a
G
c4rab
[
3
2
(pb × Sa)− 1
2
(nab × Sa)(pb · nab)
− ((pa × Sa) · nab)xa + xb
rab
]
, (177)
GNLOS1S2 =
G
2c4
∑
a
∑
b6=a
{
[3(Sa · nab)(Sb · nab)− (Sa · Sb)] xa
r3ab
+(Sb ·nab) Sa
r2ab
}
,
(178)
GNLOS2
1
=
2m2G
c4m1
[
3 (S1 · n12)2
8r312
(x1 + x2) +
S21
8r312
(3x1 − 5x2)− (S1 · n12)S1
r212
]
,
(179)
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summing up through 2 PN order in the spin parts, we obtain, also see [56],
G = GN+G1PN+G2PN+G3PN+G
LO
SO+G
NLO
SO +G
NLO
S1S2 +G
NLO
S2
1
+GNLOS2
2
.
(180)
Numerically, spins of black holes can be counted of order 1/c (maximum),
thus the spinless parts are taken up to the 3 PN order.
The currently known conservative binary Hamiltonians for spinning black
holes through order 1/c4 can be summarized as follows
H = HN +H1PN +H2PN +H3PN
+ HLOSO +H
LO
S1S2 +H
LO
S2
1
+HLOS2
2
+ HNLOSO +H
NLO
S1S2 +H
NLO
S2
1
+HNLOS2
2
+ Hp1S32 +Hp2S31 +Hp1S31 +Hp2S32
+ Hp1S1S22 +Hp2S2S21 +Hp1S2S21 +Hp2S1S22
+ HS2
1
S2
2
+HS1S32 +HS2S31 . (181)
The Hamiltonians HS4
1
and HS4
2
in the approximation in question turned out
to be zero.
6 Lorentz-covariant approach and PN expansions
The Lorentz-covariant approach has found a quite thorough presentation in
[2]. So we will not go into so many details as in the canonical approach
presented in the previous sections.
The Einstein field equations are given by
Gµν(gκλ, ∂αgκλ, ∂α∂βgκλ) =
8πG
c2
T µν(gκλ; c
2)
c2
, (182)
where gκλ and T
µν are the four-metric and the stress-energy tensor of the
matter (e.g., fluid), respectively. The contracted Bianchi identities yield the
four-dimensional equations of motion (EOM) for the matter,
∇νGµν ≡ 0 → ∇νT µν = 0 (EOM), (183)
where ∇ν denotes the four-dimensional covariant derivative. The Landau-
Lifshitz form of the Einstein field equations fits very well into Lorentz-
covariant schemes. It takes the form, [3],
∂λ∂κU
µνλκ(gαβ) =
16πG
c4
τµνLL(gαβ , ∂γgαβ) , (184)
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with Uµνλκ = gµνgλκ − gµλgνκ and gµν = √−ggµν , where g denotes the
determinant of the metric tensor. τµνLL is known as the Landau-Lifshitz stress-
energy (or energy-momentum) pseudo-tensor of the gravitational field. It is
unique in the sense of symmetry and dependence on the metric coefficients
and its first derivatives only. The equations of motion now read
∂ν∂λ∂κU
µνλκ ≡ 0 → ∂ντµνLL = 0 (EOM) (185)
with
τµνLL ≡ −gT µν +
c4
16πG
tµνLL(gαβ , ∂γgαβ) . (186)
Applying the condition of harmonic coordinates
∂νg
µν = 0 or, ∂νH
µν = 0 with Hµν =
√−ggµν − ηµν , (187)
where ηµν denotes the Minkowski metric, the Einstein field equations in
Landau-Lifshitz form read (so-called relaxed field equations because they
do not imply the equations of motion; rather the condition of harmonic co-
ordinates implies the equations of motion),
ηαβ∂α∂βH
µν =
16πG
c4
τµν , (188)
where
τµν = −gT µν + c
4
16πG
Λµν (189)
and
Λµν = −Hαβ∂α∂βHµν + ∂αHµβ∂βHνα + 1
2
gµνgαβ∂λH
ατ∂τH
βλ (190)
+
1
8
(2gµαgνβ − gµνgαβ)(2gλτgρσ − gλσgτρ)∂αHλσ∂βHτρ
− gµαgβτ∂λHντ∂αHβλ − gναgβτ∂λHµτ∂αHβλ + gαβgλτ∂λHµα∂τHβν .
The Λµν object starts with quadratic non-linearities of the gravitational field.
It is another stress-energy pseudo-tensor of the gravitational field.
6.1 PM and PN expansions
The formal retarded solution (resulting under the condition of no incoming
radiation) of the inhomogeneous wave equation (188) reads
Hµν(x, t) = −4G
c4
∫
d3x′τµν(x′, t− |x− x
′|
c
; c2)|x− x′|−1 . (191)
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A post-Minkowskian (PM) expansion in powers of G can now be introduced
in the form,
Hµν(x, t) =
∞∑
n=1
GnHµν[n] (x, t; c) . (192)
If additionally the virial theorem holds,
GM
Rc2
∼ V
2
c2
, (193)
where respectively M , R, and V are typical masses, radii, and velocities of
the system in question, the PM expansion may be further expanded into a
PN series in powers of 1/c. Yet, because of the retardation structure of the
solution, a PN expansion is achieveable only in the near and far zones and
this even only in a generalized form with log-c terms showing up at higher
orders starting from 4 PN, i.e. (1/c2)4 = 1/c8, on.
Let us assume now that the matter source is bounded by a sphere with
radius R centered in the origin of the coordinate system and that for the
typical gravitational wave length λ the relation λ >> R holds. The near
zone is then defined by |x| << λ. The formal PN expansion (near-zone PN
expansion) is defined by
Hµνnz (x, t) = −
4G
c4
∞∑
n=0
(−1)n
n!
∫
d3x′
∂n
cn∂tn
τµν (x′, t; c2)|x− x′|n−1 . (194)
Additionally, the expansion
τµν(x′, t; c2) =
∞∑
n=−1
1
c2n
τµν(n)(x
′, t) (195)
applies. In the far zone, where r = |x| >> λ holds, a formal PN expansion
(far-zone PN expansion) yields
Hµνfz (x, t) = −
4G
c4r
∞∑
n=0
1
n!
∫
d3x′
∂n
cn∂tn
τµν (x′, t− r
c
; c2)(x′ · n)n . (196)
Here, the expansion
τµν (x′, t− r
c
; c2) =
∞∑
n=−1
1
c2n
τµν[n] (x
′, t− r
c
) (197)
applies. The Eqs. (194) and (195) on the one side and (196) and (197) on
the other are somewhat simplified in the sense that they do not show up
log-c terms at higher orders in the expansions which result from the badly
defined integrals of non-compact support. On the other side, as the expres-
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sions stand, they are mathematically not defined at all. Details can be found
in the works by Blanchet, Damour, Will, and collaborators; particularly see
the contribution by L. Blanchet in this volume; for tail terms, also see our
section 6.3.
6.2 PN expansion in the near zone
Up to the 2 PN order the metric coefficients read
g00 = −1 + 2
c2
V − 2
c4
V 2 +
8
c6
(
Xˆ + ViVi +
V 3
6
)
, (198)
g0i = − 4
c3
Vi − 8
c5
Rˆi, (199)
gij = δij
[
1 +
2
c2
V +
2
c4
V 2
]
+
4
c4
Wˆij . (200)
With the following choice of the matter variables, respectively mass, mass-
current, and stress density,
σ =
T 00 + T ii
c2
, σi =
T 0i
c
, σij = T
ij , (201)
the 2 PN potentials can be put into the form
V (x, t) = Gret {−4πGσ} ≡ G
∫
d3z
|x− z|σ(z, t − |x− z|/c) , (202)
Vi = Gret {−4πGσi} , (203)
Wˆij = Gret {−4πG(σij − δijσkk)− ∂iV ∂jV } , (204)
Rˆi = Gret
{
−4πG(V σi − Viσ)− 2∂kV ∂iVk − 3
2
∂tV ∂iV
}
, (205)
Xˆ = Gret
{
−4πGV σii + 2Vi∂t∂iV + V ∂2t V
+
3
2
(∂tV )
2 − 2∂iVj∂jVi + Wˆij∂2ijV
}
. (206)
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The potentials of the orders 2.5 PN and 3.5 PN are radiation-reaction
potentials. They are most compactly given under Burke-Thorne coordinate
conditions, reading
U reac(x, t) = − G
5c5
xijMˆ
[5]
ij (t) +
G
c7
[
1
189
xijkMˆ
[7]
ijk(t)
− 1
70
xkkxijMˆ
[7]
ij (t)
]
, (207)
U reaci (x, t) =
G
c5
[
1
21
xˆijkMˆ
[6]
jk (t)−
4
45
ǫijkx
jmSˆ
[5]
km(t)
]
, (208)
where the source multipole moments are given by
Mˆij =
∫
d3y
(
yˆijσ +
1
14c2
ykk yˆij∂2t σ −
20
21c2
yˆijk∂tσk
)
, (209)
Mˆijk =
∫
d3y yˆijkσ , (210)
Sˆij =
∫
d3y ǫkm<iyˆ
j>kσm . (211)
The used definitions read yij ≡ yiyi, y<ij> ≡ yˆij = STF(yij), and e.g., Mˆ[7]ijk
indicates the seventh time derivative of Mijk. Explicitly, the 1 PN metric
including the gravitational radiation reaction through 3.5 PN order is given
by
g00 = −1 + 2
c2
(U + U reac) +
1
c4
[
∂2t χ− 2U2 − 4UU reac
]
, (212)
g0i = − 4
c3
(Ui + U
reac
i ), (213)
gij = δij
[
1 +
2
c2
(U + U reac)
]
, (214)
where the potentials have the integral representations
U(x, t) = G
∫
d3y
|x− y| σ(y, t), (215)
Ui(x, t) = G
∫
d3y
|x− y| σi(y, t), (216)
χ(x, t) = G
∫
d3y |x− y|σ(y, t). (217)
These integrals are well defined. Evidently, multipole expansion and PN ex-
pansion nicely fit together; see also [66].
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6.3 PN expansion in the far zone
In the far zone, the multipole expansion of the transverse-traceless (TT) part
of the gravitational field, obtained by algebraic projection with Pijkm(n),
reads, e.g. [67],
HijfzTT(x, t) = −
G
c4
Pijkm(n)
r
∞∑
l=2
{(
1
c2
) l−2
2 4
l!
M
[l]
kmi3...il
(t− r∗
c
) Ni3...il
+
(
1
c2
) l−1
2 8l
(l + 1)!
ǫpq(k S
[l]
m)pi3...il
(t− r∗
c
) nq Ni3...il
}
, (218)
where the leading mass-quadrupole tensor takes the form, e.g. [68],
Mij(t− r∗
c
) = M̂ij
(
t− r∗
c
)
+
2Gm
c3
∫ ∞
0
dv
[
ln
( v
2b
)
+
11
12
]
M̂
[2]
ij (t−
r∗
c
− v) +O
(
1
c4
)
(219)
with
r∗ = r +
2Gm
c2
ln
( r
cb
)
+O
(
1
c3
)
showing a leading-order tail term. Notice the modification of the standard PN
expansion through tail terms. The Eq. (218) nicely shows that also multipole
expansions in the far zone do induce PN expansions.
The gravitational luminosity is generally given by (HijfzTT = −hTTfzij ),
L(t) = c
3
32πG
∮
fz
(∂tH
ij
fzTT)
2r2dΩ . (220)
Through 1.5 PN order, the luminosity explicitly reads,
L(t) = G
5c5
∞∑
n=0
(
1
c2
)n
Lˆn(t)
=
G
5c5
{
M
[3]
ij M
[3]
ij +
1
c2
[
5
189
M
[4]
ijkM
[4]
ijk +
16
9
S
[3]
ij S
[3]
ij
]}
. (221)
On reasons of energy balance, for any representation of the Einstein theory,
the time-averaged energy loss has to fulfill a relation of the form
− < dE(t−
r∗
c )
dt
> = < L(t) > , (222)
40 Gerhard Scha¨fer
where the time averaging procedure takes into account typical periods of the
system. The derivation of this equation in section 3.6 is known to be valid
for the first two radiation emission and reaction levels.
7 Energy loss and gravitational wave emission
The energy flux to n PN order in the far zone, denoted n PN(fz), implies
energy loss to (n+5/2) PN order in the near zone, denoted (n+5/2) PN(nz).
Hereof it follows that energy-loss calculations are quite efficient via energy-
flux calculations. Because of this we will apply the balance property between
emitted and lost energies to some PN orders to easily derive the energy loss
from the energy flux. In general, only after averaging over orbital periods the
both expressions will coincide (see Eq. (222)). In the case of circular orbits,
however, this averaging procedure is not needed.
7.1 Orbital decay to 4 PN order
The binding energy of our binary system on circular orbits is given by µEcirc.
Therefore, for the energy loss to 4 PN order, we get
− µdEcirc
dt
= L = 32c
5
5G
ν2x5
[
1−
(
1247
336
+
35
12
ν
)
x+ 4πx3/2
]
, (223)
where the 1.5 PN(fz) energy flux is taken from Ref. [69] where also the 2
PN(fz) energy flux can be found; for the 3.5 PN(fz) energy flux see [70], [71].
Taking into account the Eq. (129) we obtain a differential equation for x
which is easily solved with accuracy 1/c8. In terms of the dimensionless time
variable
τ =
νc3
5Gm
(tc − t), (224)
where tc denotes the coalescence time, the solution reads [69],
x =
1
4
τ−1/4
[
1 +
(
743
4032
+
11
48
ν
)
τ−1/4 − 1
5
πτ−3/8
]
. (225)
Taking into account the relation between phase and frequency dφdt = ω,
respectively dφdτ = − 5νx3/2, the phase evolution results in
φ = φc − 1
ν
τ5/8
[
1 +
(
3715
8064
+
55
96
ν
)
τ−1/4 − 3
4
πτ−3/8
]
. (226)
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7.2 Gravitational waveform to 1.5 PN order
The radiation field can be decomposed into two orthogonal polarization
states. The polarization states h+ and h× are defined by
h+ =
1
2
(uiuj − vivj)hTTij , (227)
h× =
1
2
(uivj + viuj)h
TT
ij , (228)
where u and v denote two vectors in the polarization plane forming an orthog-
onal right-handed triad with the direction n from the source to the detector.
The detector is directly sensitive to a linear combination of the polarization
waveforms h+ and h×, namely
h(t) = F+h+(t) + F×h×(t), (229)
where F+ and F× are the so-called beam-pattern functions of the detector
depending on two angles giving the direction −n of the source as seen from
the detector and a polarization angle specifying the orientation of the vectors
u and v around that direction.
For our binary system, the two polarizations h+ and h× are chosen such
that the polarization vectors u and v lie respectively along the major and
minor axis of the projection onto the plane of the sky of the circular orbit,
with u oriented toward the ascending node, the point at which black hole 1
crosses the plane of the sky moving toward the observer. The result, to 1.5
PN(fz) order, reads [72] (the 2 PN(fz) wave form is given therein too)
h+,× =
2Gµx
c2r
[
H
[0]
+,× + x
1/2H
[1/2]
+,× + xH
[1]
+,× + x
3/2H
[3/2]
+,×
]
, (230)
where the plus polarization is given by
H
[0]
+ = −(1 + c2i )cos2ψ, (231)
H
[1/2]
+ = −
si
8
δm
m
[(5 + c2i )cosψ − 9(1 + c2i )cos3ψ], (232)
H
[1]
+ =
1
6
[19 + 19c2i − 2c4i − ν(19− 11c2i − 6c4i )]cos2ψ
− 4
3
s2i (1 + c
2
i )(1 − 3ν)cos4ψ , (233)
H
[3/2]
+ =
si
192
δm
m
{[57 + 60c2i − c4i − 2ν(49− 12c2i − c4i )]cosψ
− 27
2
[73 + 40c2i − 9c4i − 2ν(25− 8c2i − 9c4i )]cos3ψ
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+
625
2
(1− 2ν)s2i (1 + c2i )cos5ψ} − 2π(1 + c2i )cos2ψ , (234)
and the cross polarization by
H
[0]
× = −2cisin2ψ , (235)
H
[1/2]
× = −
3
4
sici
δm
m
[sinψ − 3sin3ψ] , (236)
H
[1]
× =
ci
3
[17− 4c2i − ν(13− 12c2i )]sin2ψ −
8
3
cis
2
i (1− 3ν)sin4ψ , (237)
H
[3/2]
× =
sici
96
δm
m
{[63− 5c2i − 2ν(23− c2i )]sinψ
− 27
2
[67− 15c2i − 2ν(19− 15c2i )]sin3ψ
+
625
2
(1− 2ν)s2i sin5ψ} − 4πcisin2ψ , (238)
where ci = cosi and si = sini and i denotes the inclination angle between
the direction of the detector, as seen from the binary’s center-of-mass, and
the normal to the orbital plane which is assumed to be right-handed with
respect to the sense of motion so that 0 ≤ i ≤ π. δm = m1 −m2, and the
phase variable ψ is given by
ψ = φ− 3x3/2ln
(
x
x0
)
, (239)
where φ is the actual orbital phase of the binary, namely the angle oriented
in the sense of motion between the ascending node and the direction of black
hole 1 (φ = 0 mod 2π when the two black holes lie along u, with black hole
1 at the ascending node). The logarithmic phase modulation originates from
the propagation of tails in the wave zone. The constant scale x0 can be chosen
arbitrarily; it relates to the arbitrary constant b in the Eq. (219). For details
on higher order PN levels, see e.g. [2].
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